
I↳cnHaf integers Osan,lan=RS
. (model sat ofPlumtegersst.EXERRS/Xn)=Xymodn RR.Exim n,3.

.
a

Properties of P(m) · Assume p prime,
as 1 " P(p9) = pa-1(p-1) "m = MiM2 , (myma) + => (m) = (m1)q(M2). -> G(m) = G(pY) .. . p(p!) = p4(p -) ... par3)p=admi-bfrome

Theorem: ax Eb mod m : Let d -= (a
,
m). PdXb = no solutions "d/b = d solutions : X = xot * (modm)

,
+ = G ...

&- Euclidea Algorithm : 2= dgtr ,
orcb

. (a,) = (b
,
n) = Cr , ra)

Divisibility : "alb bK => als "alb, => albx+ cy"alb = malmb Bezont : (a
, d) =d ( > ax +by = ↓Endid's ferma :

p prime, plab => pla or plb .

----

x = Xo +)b/d)t

Meurem:alby-Get diab"dtnozortionsddlc &y=Yo-alt FundamentalTheoremof Arthmetic ne, n -n-Ph par,Piprime,diet dpt.
-

Wilson's Theorem : If (a
,p) = 1

,
then Jamodp .

"
P prime => (p-1) ! =- modp"n22 n (n-1) ! =- modn = n prime Complete Residue System : <[0]-,...,

Im-13 m3 <> 2/m2

CRS : <r, ...,rm3 is CRS n (a,m) = 1 => Gar, ...,arm] also CRS. Invertibility (axElmodml Let d: = (a,
m)

.

"
d F = no solutions" & = 1 => Junique solution mod m,

6)acEbC a=b

ModularArithmetic: abmodm-blakmodmitransrtyholds Ebdmodum-arebidmodmildmodmE abmoddamdmacbmodmmodm mineral

m
.

. ...Mr

Chinese Remainder Theorem : If (mi
,mi) = 1

,
Ki Fj ,

then [Ealmode! J ! solution xomodm" : xomibia, ... I embar modm
,

where bii EI mod i

Primitive Roots : Let m 1
, (g, m) = 1

.

If ordig = 0(m) -> g is primitiveroot God m). Primitive Roots : Let
g be a primitive roof hod m . Then "El, g ,...,g3(m)-13 is RRS

. "gigj-gli
+j) model,e

1)
Prime Primitive Roots : Every prime p has a primitive root"podd -> 74(p-1) primitive roots. S Mod p) Powers of Prim Roots : primitive root mod m", then I prim root mod m E (n

, p(m)) = I

Primitive Roof Theorem :I primitive roof mod m
<)

m - [ 2
,
4

, pr,2p")
, p22 prime. Given a primitive root good p (p-odd prime),

then ordpg -(p-1 , p(p-1)3. Then :

Either gor gtp is a primitive roof (mod p2) "A primitive root mod p2 is a primitive roof mod p",
n22 .

"
If his a primitive root mod p"

,
either hipt or h (whichever is odd) is prim roof (mod [ph)

Given g,
a primitive root mod nigP is a primitive root mod n Es (k, qCn) =1 Theorems mmm

, mymadz I no primitive roots modm. Sunny index exponent : gindge a modm

↑
-IndIndices : Let meXt with primitive root g . Of a f 25

,
(a

,
m) = 1

,
then E1XEZ)

, 1 x q(m) n g
Y
E a mod m

,
called the index of a to the base g mod m . Taebmodm- ga

=

↳ modmindg
t

no
-> SolutionsIndicesProperties : JetmetWithPrimitiverotgilamb

,m.thenindgt Olmodlm)indglab)Eindgaindgb(modplm)slindglacEKindgClmOdiGCmdgatKat n
uti

·

ca,m) =

dlindga Ex a
Y(m)/d

= I modm. Solvability : XEa modm is solvable> qp(m)/d= 1 modm
,

d= (n
, p(m). Equivalence of Indices : (b,m) = 1 => &Eb modm > indga = indgb

Hensel's Lemma (Singular Roots) : flal = 0 <modpi) -[(f'al , p) + 1 or pl + (a) => fla+ pit) = f(al(mod pi +1) => "f(al= 0 (mod pi+) = a mod p" lifts to p distinct roots

a+ tpi, 0 If = p-1 ."f(a)EO mod pit) => none of the lifts are roots mod pi" Hensel's Lemma (Non-singular) : flal= O modp", (f'la)
, p) = 1 = 1! +modos

N(m1 := & find :

Solve f(x) =O mod m : If m = m
,M2 , Cmyma = 1

, then # of solutions to f(x)=0 mod m) = N(m1) . N(M)) .

* Use CRT to sohe* fla+ tp") =O mod pit !
T

flal = Ha mode.

-

Lagrange's Theorem : Let
p be prime,

f(x)= 40 + a,
X +...+ anx"

,
Gif2 and (ai/ p) = 1 for some i

.
Then f(x) =O mod p has In solutions mode. ordma,p(m)

aOrder of an element : Define Ordma : = Smallest n =2Y st. "El modm. Rando order shit: (a
,
m) = 1

,
a +0

,
m21 =>"*

=I mod m
E ordmalx -

P(m)
= modm

debmodmEOrdmaFordmbYlaPEalckEemodPCmI Arithmetic Functions: f : N-> R
.

"
[In =E = # of Positive dinors of n EGL

din

din" Plu- Multiplate fSmel=Emlu)Sim==multiplicate multiplicatio

Mobius Function : M
= So r

....pr
Mobius Mult :

qu
: INT multiplicative => [M(d) = 30

,
ite e f(p::) Instead (n =Mpi)

din

Mobius Inversion Function : g()= f(d) => f(n) =EM(d)g(
*) = &MULYa)g Check for prim . rook by finding d/p(n1 : 4(25) =20 = Ordus&El,CSIO2 mod 25

d/n

Ex: x =16 mod 17 : 3 is prim. roof -> 312indsX = zindyl mod 17 -> 12 ind
>x

= indy 16 mod 16 -> 12ind,x
= f mod 16 -> 3 ind

,
x = 2 mod 4 -> indix = 2 modY -x 3 EX mod 17, 2,GLO,Imod  T7

EX: 7
*
Eb mod 17 : Xindg7 -zindsmod 17 -> Xindy7Eindg6 mod16 -> IIXEIS mod 16 -X El] mod 16

. / Rissquaremol, I El mod11 -> a = 1 2 iPrimrootmod" 21
, ord(21)=id = S

-j =

MTID1 : 1) Find all pos. int. solutions to 97x + 98y = 1000 : 197 ,
98) -> Xo = - 1

, yo = 1 is solution to 97X + 98y = 1 . => Xo = -1000, yo : 1000 is solution to 97x + 98y = 1000 . General solution is [Y =T000t -98E
We want x,y30 ,

80 X = 1000 + 98720 = 98721000
,

- <10.
. Y = 1000-97730 => 977c10

,
+<10 : · Esolutions 0. 2) Show y (x

, 3) = 1 and (y, 3) = 1
, then xity" cannot be a perfectaquare .

(x
,
3) = / => X # 0 mod3 => X,y = 1

,
2 mod3. => X2 = Y El mod3. = Xy=2 mod3. But x

< mod3E 90, 13 /3) a) Given that (a,4) = 2 and (b
,4) = 2

, prove that (a+b
, 4) = 4 .

Suppose (a
,
4) = 2

,
(b,

4) =2
.

=> 21a,
b but 4/a,

b
. => a = 290

,
b = 23o

,
do,

boodd
. Then a+b = zabo) -> 4/a+b .

b) Compute (n
,
n2+n + 1) : Suppose dIn, dIn?+n + 1

.
Then

1 + 4(1 + n)

d) (n2n+ 1)- n(n + 1) = 1
. #4) Show if next then SPEI+ mod 16 : Shepose SPEI +4 mod 16 holds for some neNThen Sht= S.S"ES (1+ Yn) mod 16 ES + 4n" mod 16.

-

Let pleprime,findthelargestpowerofPthat dividea!:Thefacepal!thatdride o are :

PLP1" / P<P-) ,
and pXxeS . Thus pP"Kp21) ! =) 4 last tn

rL power
13) /E = #24 #1

"
=> (237

,250) : 1
.

We have (1) r
,

= a-b dividing (pi))!

creb-fa+ lab=-Tr=E3a-7b.Mus VoE73 , Loft iamtegensolution. ThegeneralmotionisoYEastming it e
mi

inv . of 2 . 3 . 5 mod F - = 2 modf
distinct equations, -9

weger
: [YEOmodi e me ->

x =
m,

h
,
b

,
+ ... maybe = 0 + (2: 3 . 7) : 2 . by + (27.5) 1 -binraf27mads-Emosentio

.

3) Does there exist anrnteger n such that 3/nith+ 2 ! Suppose Infl St . 3/n2n+ 2
, => 12+ n +2 =O mod 3

.

Use cases to find no
. 4) Let nt2

.
Show

if d/n2+ 1 and d) <n+ 1)
2

+ 1
,

then d= 1 ard = 5 : Note that 42+ In+1 - (n = +1) = In + 1 => &Ian+ 1 = dIRn+ 1)2. Then dan+ 1
,

d/4n+ E = /S #

⑰S) Determine the last digit of 323700: WFF : 323700mod 10. 323 = > Mod10 => 323700 =,
700

mod 10. But 3 = 81 = I mod 10 and 700 : 4 . 175
.

=>

a) 6642

MTZP1 : 1) Compute the last two digits of 2393 : Note that 2393 = 93 mod 100
,

50 23970642 = gy6b23
Euler's theorem : 4(100) = P(4) . 4(35) = 2 . 20 = 40 -> 93 =I mod 100

. 6642 : 166. 40+ h => 9y6bK-mod100: Since193,100FF,mecanareelich
integers n2O is p(u) = 6 ! Consider p prime with plu. Then p-/4(2) => p+ = 1

,2 ,/,
6 => P = 2 ,

7. C1 : 7/n
.

n = + . K
,

<k
,
7) =). P(u) = 7 . 6 . q(k : 6 =!

= K21
,

3 =S 4 = 7
,

4. . C2 : Eke . Then n = 2"3"
,

a
,
320

.
Need b22

,
elre 34P(u) . Then plu) = 4)244(3) = 0(24)]" 2 : 6 => b= 2

,
a : 0

, 1 => n = 4
,

18.
.

- pl

2) Set p he an odd prime . Show ? iP EO modp: FLT = iP Ei modp => ZiP = [i = Pmodp . podd= +4 = p(p() = p(E) EO mad p



P(x)
- mudg mode

3) find all solutions of X+ 6x- 31 EU mod72: P(x)EO mod 8 has two col : /S ; p(x) = O med9 has two : 8 = 5420lsmodt Emod.4
,

4)Id the number of solutions to the congruence X2 = 9 mod 3. 11: 13 : Need to Solve (YES mods
.

"
x2 = 9 mod3 E XEO mod] = one solutene

"X=

= S mod 11 has two solutions : XE3
,

8 mod 11. (fagrange -> - <2 rol) f(x) = x2-9
,

f(x) : 2x
,

11 + (3)
,

14 + (5) => 3
,

8 loth non-enyular-liftto uniquevori
"

X
2

= 9 mod13 has two non-singular roots - twoeos mid 13? -> N(3 . 11213") = N(3) . N(112). N(13 ) = 1 . 2 . 2 =4

6) Show if b+2
,

631
,

us odd
,

then (b"-1
,
b + 1) [2: Suppose mcz sit. m/b" -1 - m/b+ 1 => b = I modmn b E-1 mod b = I mod m . The

ordmb/s a odmblze => crdmbodd => ordable => b =1 modm # - 2 -

| I

MT2D2:1)Showif podd prime , 2(p-3) ! E- mod p : Wilson => (p-1) ! E - mod p = (p-3))(p- 2)(p -1) E - 1 mod p = 2 (p - ) ! E - 1 mad p - 1
Enter

mod 23 : FLT -> 3
*

= 1 mod 23
.

Want y
***

mod 22
,

13,
221 = 1

, p(22) = 4(214(1)) = 10 => 3) El mod 22 =, gitEY" moder

Now I = 27 = 5 mod [2 => 3 = 25 mod It = 3 mod I2 => 34773 = 3 mod 22 => 33 = 33 med 23 = 4 mid 23 3) et m,
n + B

,
(m,n) = 1

,

(a,
mn) = 1

. Suppose ordmldth ,
und nha) = he · Show ord (d) = lamchiha) = 1

: hishall .
= =I modm = I mode

. (mynli) => a
f

= 1 % mu

Supporekal St . a =) mod mn . By Theorem A : Emdr =Milk
4) Let f(x) = x3+ 8x2 X-1 . Find all solutions to f(x) = 0 mod 112

. What about mod 11"
,

ne3 ? Note X = 4
, 5 modll roots ,Mos to unique root

4 + 11 . 7 (mod(P). - . f(U) = -A modl =- = F
= 5 mod11 . S is singular ,

f(S) EO mid 121
,

doesn't lift to root
.

= /roof EnI2 .

al
5) In+ ne 2

,
n> 2

.
Show (n

, p(u)) = 1 => nodd squarefree : P(n) even => nidd . If podd prime, pilt = p/P(n) - plu => (n
, plui) [p.

"Show if mineRt
, mIn => 4 (m)/4(n) : Decompose into prime factorization. I

FEPI : 1) "TF).

g prim root mod 11 => g prim roof 22 : F : 2 is primitive roof modl (p(11)= 10 -2, 22
,
2#) mod11) but (2 , 22) +)

"Let p le an odd prime , ab prim roots mod p.
Show de is not : b = a" mid p for some i

,
(i

, p-1) = 1
. In particular : old since

-> ab = a a " = a""modp
,

its even = Ordp(ab) = ordp(a'")=p
< P- Since (i + 1

, p-1) 1] .

= as not prim rook

g(n) +ordpb=OdodiPiai :
Since

M. multiplicative, 8isis

Thus gal :1). 3) For whatis plu = E ! Let nip, .200 gC: Eg(pl=<Kalgd:Ray MIDIBD Spalg(p
If p. .. , Pr ordered

, Pa ,.., Prodd , impossible if ra 2
.

The =1 or 2 .

"
Cp, 11 = p , impossible

, p . /3(p ,
-1) = /p ,

: 3 ,
but this no good .

" PIPr
2) v = 2 even riddn

3(p ,
-K(px - 1) = P,p = Pi = 2 => >(p -1) = 2 Px = > 3 (p => P = 3 . Thus

,
n = 2: 3

,
a

,
b30 . 4) Find all memdnes a mod 11 such that

x =C mod11 solvable <) 94(1)/d = / modll w/d= (n
, &(11) a a is a square mod 11 : a st . a=1 mod1) E) a = I mod 11

certainly a :) is a volution
, I primitive roof 11 : ) other solutions to a=1 mod" are of the form 2 with ord (2)) = 01

= S =>) j , 10) = 2 =>; even

·z, zen, 20

,ma!En,
s

,9,3worlbabes undeStarFlwrdl/d<3,Cl))
:

(2, 10)=) FLTE CryCata
5) Ind all primitive rook mod 125 : Can easily check I is a primitive root mod 5 = 2 I + 5 = 7 Lor both) is a primitre roof mod 5

.

Test Whether 2 is printere roof mod 25.
. P(25) = 20 ; ada+ 2)p(25) = 20 => Grd2+

2 = 1
,

2
,

4
,

5
, 10

, 20. But

21 23
,
2

,
25, 2" EI mod 25 = 2 prim roof mod 25

.
We know from class that I remain prin root mid 125. Any other primitive rof

mult le of the fear 2"
,

(k
, (1251) : 1

,
<K

,
103) : 1 + there are 42100) = 40 such intege . 6) Show that N = 4 · 14 " + 1

" =1 mod 3
, 14 = 2 mody

,
NE22" + / = 45 2 + 1 = 251 ModS = 0

k : In N = ( 11( )
"

+

is composite UK21
.

"Ict N = 4 . 14 "t)
,

& Kold ,
k : In=

4 E-1 mod5
,

ME- mod5 =
= 0 modS

7) alShow] prim mod 17 : P/17) = 16
, ord 3/PC1) = 16 => od 3 = 1

,
2
,

4
,
8

,
0016

.
3 , 32

,
3"

,
30 El mod 17 b) Solve 7 * EY mod 17 :

=
*

= 4 Fod 17 <S xinds)
= gindsh and 17 ( ) X. ndg7 EndgY (nod 14) F) 1 x = 12 mod 16 I=> X =Y mode e

8) feel # of solutions x
*

= U mod m
,

modd ="EF mad 17 3 " = Y m 17
=>

2 2011 and p" (Hersel
old prim

X = 4 mad p was I sols : 12 modp . (Jagrage). Let f(x) = x-H
,

f'(x) : 2x
,

+// I21 = I4 EO modp. If m=Ttpiti

odd
,

N(m) = #N(p: :) = z is # of 10s .

FEP21) #Sols of X = 61 mod 117 : 117 = 3 B. X " Eb) = 1 ad 3 Las I sol : 1 2 , f(l)
,
f(z) EO wed 9

,
=> 2 Sols mod 9.

-

Now consider /nod 13 . d = (4
, 4 (13) = (2

,
12) = 4. Solvable A 1 94113)/ = gIl

= 3
= /mrd1] = d : Y solS mod 13 .

N(117) :

- -
will W19(N(1)) --O.

2) Compute In 4(d)(d) : Consider Flul =& 41d1'gld)". Note Flul multiplicative )flulspln) 4()")
.

It
pbe primthe

F(ph) = I p-
M(d)

"

4(d)" = 1 + < p + )2
. The Flul : T51 + (p-1(2) 3) Sale XESmodTT -- CRT

4)Ind all 80l le x + 1 = 0 md 65
.

< => X 2E-(modd5 = 5 . B = x = 2, 3 medt
,

3
, 8 mo 13 = 1 Sch . ureCRT

.

5) Show dipic/2 : Ex Td" = hi
. Sime Sdn3 : /F ,

dInY
, Ta>

: (πd)Ltta) : TdT:T
~

6) Compute (1027) + +S)3F mod1l1 : (1) = 3 . 37,
3 :

102
* 3 EO med] ST = 1 mal3 = 102P"+ SS = / mod]

Wol ??
- 102 = 28 and 37

, 9(37) = 76
,

73 : 236 + 1 = 102" = 28 73 = 28"". 28 = 28 and 37.
.

SS = 18 mnd 37 =C

7) 102s+

95E26 =3mod37 4oz it37 =git(mad37)ER med 37 famen S mes,RTAlsmci e
din din

-

f(ul =24(a)g3d) =

2M E) = R(n) : Ep(M)= = H = 1 !
:


